Introduction. Consider the following general problem: Let P be a func- tion-theoretic property which holds at the points of a (local or global) Euclidean space En and which can be stated, formally, for points of a Riemannian space R". Find a statement Q which is an intrinsic (geometric) property of P" such that P implies Q and Q implies P. Conversely, given Q,
Introduction. Consider the following general problem: Let P be a func- tion-theoretic property which holds at the points of a (local or global) Euclidean space En and which can be stated, formally, for points of a Riemannian space R". Find a statement Q which is an intrinsic (geometric) property of P" such that P implies Q and Q implies P. Conversely, given Q, one may look for P.
In this paper we solve particular problems of the above type. We take for Q the statements that P" (which is always assumed to have a positive definite metric) is an Einstein space, an harmonic space (to be defined in §3) with a particular fundamental solution, and a space with constant curvature. P then stands for various statements about the mean value of solutions of certain equations. Denoting by M(u, x°, P) the mean value of u on the geodesic sphere with center x° and radius P we obtain the following results:
An Einstein space is characterized (in §1) by d (0.1) M(u, x°, P) = «(x°)(l + O (R3)), -M(u, x°, R) = u(x°)0(R2) dR for every w^O, Aw = 0 in a neighborhood of any of its points x°, where A is the Laplace-Beltrami operator. Its scalar curvature p is determined (in §2) by (2.28) which holds for any u¿¿0, Aut*0, A2m = 0 in a neighborhood of any of its points x°.
The characterization of an harmonic space by (0.2) M(u,x°,R) = u(x°)
for every solution u of Am = 0 in a neighborhood of any of its points x° was already proved by Willmore [13 ] . The fundamental solution d>(r) of an harmonic space is determined (in §3) by a function A(r) via the equation ( In §5 we discuss the characterization of Einstein metrics by means of mean value theorems with regard to solutions of Au+\u = 0 (X constant) and also with regard to the set of eigenfunctions of A. Analogous results are derived in §6 for harmonic metrics.
General assumptiofis and notations. All the spaces are assumed to have a positive definite metric. The metric tensors are assumed to be sufficiently smooth. The dimension n is taken to be ^3; all the results however can easily be extended to the case w = 2. We denote by P" a Riemannian space, by A» an Einstein space, by Hn an harmonic space and by Kn a space of constant curvature. All the considerations of this paper are local.
1. Characterization of Einstein spaces. Let (g,-,) be the metric tensor of P". The Laplace-Beltrami operator is defined by
where "comma" denotes covariant differentiation.
Let x° be a fixed point in P" and let r denote the geodesic distance from x° to a variable point x in P". Since our considerations are local, we shall assume, for simplicity, throughout this paper, that r exists for all x°, x in P". We say that P" is Einsteinian at x° if where P,j-is the Ricci tensor and A is a constant. Remark. The lemma and the proof are valid also when the metric of P" is indefinite.
Proof (2) . Let ©* be the unit vector at x° tangent to the geodesic which connects x° to x. Then »-1 1 Let ua (a= 1, ■ ■ • , n-1) be local coordinates on the unit sphere. Then r, ua form polar geodesic coordinates about x°, and we have (1.11) ds2 = dr2 + yab(r, uc)duadub,
where 7=det(Y0&). Hence,
The last two formulas will be needed later on. Let Sr be the geodesic sphere r = R and denote its interior by Dr. The mean value of a function u is defined by Let u 5^0 in a neighborhood Dru of x°. It is enough to consider the case u>0, since in the case m<0 we first obtain the mean value formula for -u and then change the sign of both sides. Using m>0 and F = 0(R2) on Sr, we derive from (1.18),
Since M(0) =m(x°) and exp{0(P3)} = 1+0(PS), we get
Substituting this into (1.18) we find (using: m>0) that M'(R)=u(x°)0(R2), and the proof of ( 1.16) and | H(R, ua)\/R2^Ao, where A0 is a constant independent of u, P. By Lemma 1, all we have to prove is that (1.1) holds (where ß is a constant). If (1.1) does not hold then, using (1. 
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Set Kr = KÍ^Se, K(R) =area of KR and let gR be a non-negative smooth function defined on SR such that gR= 1 on KR and gR = 0 outside a sufficiently small neighborhood of KR (on SR) in which the first inequality of (1.22) still holds. Let uR be the solution of Amjj = 0 in DR which assumes the values of gR on SR. Then uR is positive in DR, and an application of (1.21) gives (1.23) P(P)e0P -S(R)A0R2 < 0 which is a contradiction if P is sufficiently small. Using Ar = («-l)/r-\-0(r) in the proof of the first part of Theorem 1, we get: Theorem 2. At any point x" of P",
for any solution u of Au = 0 in DRu(u¿¿Q in DRJ. 0(Rk) is defined for R^RU and | 0(Rk) \/Rk^A (k = 1, 2) where A is independent of u, R, P". 
Note that L is the radial part of the Laplace operator in » variables. [November 2. Determination of the scalar curvature. In this section we assume that
Pn is Einsteinian at a point x° and determine the scalar curvature at this point. We shall need a well known integral formula (see [3, In order to evaluate the third term on the right side of (2.9), we introduce a function v which satisfies: 
+0(R').
Substituting <j> from (2.3) into (2.18), we obtain
We now use (2.1) with u replaced by Am, y being v and D -Dr. Using Note that the proof of (2.27) remains true also in case u(x°)=0, provided either u = 0 or u^O.
From (1.9) and A = 3/3 it follows that p = 3ßn is the scalar curvature at x°. We have thus proved : 3. Characterization of harmonic spaces. A Riemannian space P" is said to be harmonic at a point x° if the equation A« = 0 has a solution u = <p(r) in some neighborhood of x°. The space is trivially harmonic (or simply harmonic) at x° if 0(r) =r2~". If P" is (trivially)harmonic at each of its points, then we say that Rn is (trivially)harmonic.
It is easily seen that <f>(r) is a fundamental solution of Au = 0. The theory of harmonic spaces was developed by Ruse, Walker, Lichnerowicz, and others. For a general survey see [7] and for related references, see [14] . We mention that Hn is necessarily an An, whereas every space with constant curvature Kn is necessarily an Hn. For « = 2, 3, An = Hn = K". The last statement is also true in the case of indefinite metric tensors.
Willmore [13] proved that a necessary and sufficient condition for P" to be harmonic at a point x° is that for every solution u of Aw = 0, in some neighborhood of x°,
M(u, x°, R) = u(x°).
We now want to find a characterization for the fundamental solution <p(r). If P" is an Hn then [7] <p(r) is independent of the initial point x°. Therefore, the same is true of A(R).
Remark. Since we assume that <f>(r) is normalized by <p(r) =r2~n+0(r3~n), it is determined by (3.4) up to an additive constant. Indeed, this follows from the equation 251 4>" A" -1
which is derived from (3.4). Proof of Theorem 4. The proof is similar to the proof of Theorem 3 and we therefore only indicate the modifications which one has to make. (2.5) is replaced by A<¿> = 0 and hence in (2.7), (2.9) P^O. Also O(P3)=0 in (2.8), (2.9) . As for v, the only difference is that instead of (ra-l)/r+/3r (in (2.10)) we now write Ar or -<p"/<p'. Consequently, in (2.20) we have P=0.
Remark 1. Helgason [6] has recently extended Asgeirson's mean value theorem [l] to solutions of Axu =A"u, where A*, Ay are the Laplace-Beltrami operators in the x-space and the y-space of «-dimensions. He assumed that the spaces are two-point homogeneous spaces (and, hence, harmonic). It is immediately seen (using [13] ) that for Asgeirson's theorem to be valid it is necessary that the two spaces be harmonic. where the P¿ are constants depending only on the Ai. Formula (3.8) with the estimates (3.9) can be used to derive a Liouville type theorem, namely: if Apm = 0 (p a positive integer) in the whole Euclidean space, where A is the Laplace-Beltrami operator, and if u is bounded, then M^const. (We assume that (3.6), (3.7) hold for all 0<r <P< a> and that A is uniformly elliptic.) The proof is obtained by first deducing that Ap~1u = 0, Ap_2m = 0, • • • , Am = 0 and then applying Nash's estimates [9] which immediately give m s const.
4. Characterization of spaces of constant curvature. We need the following lemma:
The converse of this lemma is well known [7] and is proved by direct calculation. Lemma 2 for K = 0 ((4.1) is then understood to mean: <j>'(r) = (2-n)ri'n) is due to Thomas and Titt [l0] .
Proof. Set 5. Characterization of Einstein metrics, using solutions of Aw+Xw = 0.
The following theorem can be derived by the method of §1: P" is Einsteinian at x° if and only if for every solution m^O of Aw+Xíí = 0 (X fixed) in some DRu,
for R^RU, where | C>(P2)| ?¿AR2, A being independent of u, Pu, P. Let {Xm}, {fan} be the sets of eigenvalues and orthonormal eigenf unctions of A on P", where Rn is, from now on, taken to be a compact Riemannian manifold. As is well known, the set {fa} is complete in the T,2 sense. Furthermore, from the asymptotic behavior of the X», fa (see, for instance, [8] ) it follows that for every function g on Rn, g= ^amfa (am are Fourier's coefficients) and the series is uniformly convergent together with any preassigned number of its term-by-term derivatives, provided g is sufficiently smooth. We wish to characterize Einsteinian metrics by means of properties of the fan. Since the fa, however, are not in general non-negative functions, the above cited theorem is not helpful. We shall instead use the following theorem whose proof, which is similar to that of the above cited theorem, is omitted. Proof. We only have to prove the "sufficiency" part of the theorem. By [13] it is enough to prove that (6.5) M(u, x°, R) = u(x°) for R < Ru
